Introduction
Narodowy Bank Polski (NBP) is, by its mandate, an inflation-targeting central bank. However, monetary policy decisions rest on the shoulders of the Monetary Policy Council (MPC) members, who make up an independent body of experts. 1 Hence, the NBP staff role is to support the MPC with expertise without influencing the MPC's decisions. The Economic Institute of the NBP draws up its macroeconomic projection three times a year, under the assumption of a constant interest rate path. The projection serves as background material for the Monetary Policy Council and is published as a part of the "Inflation Report". It does not reflect the MPC's view of future developments in the economy. Rather, it is the NBP's best qualified outlook of the Polish economy three years ahead, conveyed to the public with the purpose of supporting the MPC's decision making. The MPC has no obligation to take the presented forecast into consideration. However, an interest rate targeting monetary policy is, by its nature, a forward looking exercise and therefore a possibly precise understanding of future developments is crucial for the decision makers.
The main purpose of monetary policy is to keep inflation close to the target of 2.5% y-o-y, considered to be the long term equilibrium inflation rate for the Polish economy. A well-managed monetary policy which helps to avoid profound fluctuations is implemented ahead of expected phases of the business cycle. This is possible only if one takes into account the forecasted future economic developments, as well as the expected response of the economic variables to changes of the policy. Hence, a reliable and comprehensive macroeconomic projection has become one of the most important tools for monetary policy making.
However, the projection carries uncertainty, which stems from imperfect forecasting tools, such as structural models involving only a simplified description of the economy. The uncertainty also stems from the limited reliability of available data and from the uncertainty about the predicted future scenario, i.e. the 4 exogenous variables used in the forecasting exercise. On the other hand, the main forecasted variables: GDP and inflation, are inherently random variables and an accurate description of their expected behaviour can only be achieved through assessment of their probability distributions. 2 For a long time central banks have published their macroeconomic forecasts comprising only the path of the main scenario. Although this method provided reference information about future developments in the economy, it lacked information about uncertainty and risk associated with the presented path. In 1996, the Bank of England presented an inflation forecast using a fan chart, a graph representing confidence intervals around the central path estimated based on twopiece normal distribution, see (Britton et. al., 1998) . 3 Not only is such presentation much more faithful to the true nature of the forecast, which is in fact a future probability distribution of a random variable, but it also conveys essential knowledge about the uncertainty associated with the central scenario and allows us to track changes in the uncertainty between the forecasting rounds. Hence, most central banks have started presenting their forecasts using fan charts, and the technology used to produce fan charts has been steadily improved since then.
Future uncertainty associated with forecasted random variables depends heavily on the realisation of possible scenarios. At a certain point in time some scenarios are more probable than others, so upside or downside risks could dominate. This inevitably generates asymmetric uncertainty for the forecasted variables and it is not possible to represent this asymmetry with the normal distribution. This is why an asymmetric fan chart was developed. In central banking practice, it is constructed based on two-piece normal distribution, using the central scenario path as the mode of this distribution. The two sides of the distribution are allowed to have a different variance, and hence skewness is introduced to the graphical representation of the forecast, Britton et. al., (1998), Blix et. al., (1998) and Wallis (1999). 4 Table 1 reports a summary of the usage of fan charts by several central banks around the world. 5 This paper describes, in substantial detail, the methodology behind the construction of NBP's fan chart. It is meant to help the readers interpret information conveyed through the mid-term projection and understand differences in the perceived uncertainty between projection rounds. 4 Nowadays the asymmetric fan chart became a popular tool for communication of the central bank forecast, see e.g. (Hucek et. al., 2009) , and the methodology is continuously improved, (Elekdag et. al., 2009 ).
5 Table 1 should viewed with caution since the central banks change and improve their methodologies quite frequently.
6 Once the assumptions for the central projection are collected the NECMOD model delivers the main scenario of the projection. There is a series of meetings among the Economic Institute experts where the necessary adjustments are discussed. Then, the forecasting team maps those corrections on the projection.
After several iterations, the first draft of the forecast is ready. Since the process takes roughly a month, the so-called second cut-off for the data and exogenous assumptions has been introduced. Once the assumptions are updated, the 8 projection is run once again. The final meeting of the forecasting team is held to discuss the consistency of the data, the projection and the narrative. At that point, alternative scenarios are prepared, too. The IE experts prepare several different sets of assumptions meant to describe different possible developments of the economic environment during the projection horizon. These scenarios provide an excellent mean of quantification of perceived risks associated with the projection, and, once assigned with probabilities of their realisation, determine the balance of risk illustrated on the fan chart.
Since the described forecasting technology is heavily based on the use of an econometric structural model, the bulk of the uncertainty of the final projection stems from the imperfectness of the forecasting tools and the quality of the data available. However, it is important to stress the fact that the projection and the assessment of risks associated with it are carried out with the assumption of no monetary policy change. Therefore, the fan chart does not convey any information about the uncertainty of future NBP interest rate level. On the one hand, a comparison of such projection to one where the market expectations about future interest rates are factored in is difficult. On the other hand, comparison of NBP's fan charts between the projection rounds is straightforward and conveys information about perceived change of riskiness in the environment surrounding the Polish economy.
The choice of probability distribution
The forecasting team's task is to prepare a tool for the monetary policy makers which will quantify the most likely future developments in the Polish economy, Another way to obtain the fan chart is to assume that the probability distribution of the forecasted variables at each point is approximated by the probability density function that has a known analytical form, in practice by normal or two-piece normal distribution (TPN). The choice of the latter distribution is straightforward: it accommodates asymmetry and heteroscedasticity and is easy to compute, and in the case of symmetrical distribution of risk becomes a normal distribution. 6 The density of the TPN distribution is based on two normal distributions with the same central value, but different variances, and is fully specified with three parameters: the mode -the most likely realisation of the random variable and two measures of standard deviation -. In other words, it is proportional to the normal distribution with mean and standard deviation to the left of the mode, whereas to the right of the mode to the normal distribution with mean and 10 standard deviation , see Figure 1 . To be able to fully specify the TPN distribution in practise the forecasting team needs central path of the projection, assessment of uncertainty and a measure of asymmetry. All these components are described in detail in following sections. When , the TPN distribution transforms into a normal distribution with standard deviation and the mean, the mode and the median equal .
When , we will say that the upper risk dominates, hence the mean > median > mode. The opposite is true when the risk of lower than the mode values dominates. Figure 2 compares right-skewed two-piece normal distribution where the mean is bigger than the mode, and a great probability mass is placed to the right of the mode and the symmetric case where the standard deviations of both sides of the mode are equal. 
The central path of projection
The projection exercise is a deterministic solution of the structural econometric models given a set of assumptions about exogenous variables. Since the paths of the conditioning variables are interpreted as their most likely future outcomes, the solution from the model, given the theoretical structure of the economy, is understood as the most likely future outcome of the forecasted variables, e.g.: GDP and inflation. However, one should bear in mind that from the theoretical point of view, presentation of a projection by means of a single path of the most likely values does not make much sense, since the probability of any single value of a continuous random variable is 0. This is why the fan chart is essential if an accurate representation of forecast of a random variable is required.
The baseline scenario of the forecast is determined by the extreme values of possible realisations of the conditioning random variables. Hence, it is a natural candidate for the most likely value of the split distribution -the mode. 7 However, the clear advantage of the split value of the TPN in terms of the interpretation is paralleled by the fact that the mode does not use all the available information as the expected value, the mean, does. If the risk is evenly distributed around the mode, the distinction disappears as the probability distribution becomes symmetric and the mode is equal to the mean. If the mode is different from the mean, then the probability mass on one side of the mode will be different than on the other. This way we obtain a convenient model of the balance of risks and quantification of the probability of realisation of the forecasted variable below and above of the central path. Now, the future developments of the forecasted variables can be interpreted in terms of deviations from the central path.
Prediction uncertainty
The uncertainty associated with the prediction describes the probability that the actual realisation of the endogenous variables will differ from the forecasted central path. It is important to stress that it is a forward looking assessment of risk and should not be simply extrapolated based on historically made errors in the previous projection rounds. The estimated uncertainty has to be affected by the assessment of risk associated with future developments, i.e. the risk associated with the projections of conditioning variables. The degree of uncertainty, which is the spread of the fan chart is usually measured by the variance of the probability distribution.
The methodology employed to estimate the final fan chart variance is based on the procedure described by Blix and Sellin (1998) and Pinheiro and Esteves (2010).
We assume a linear relationship between the variance and covariances of the distributions of the exogenous variables and the variance of the final fan chart. This assumption allows us to combine the uncertainties associated with the conditioning variables, weighted by their impact on the endogenous variable, as specified in the forecasting model. However, the variance of the forecasted variable's fan chart is not simply a linear function of the conditioning variables uncertainty, but also a function of historically made forecasting errors which stem from the imperfect structure of the model, the estimated parameters of the equations, etc. Therefore, we approach the estimation of variance by assuming a reference level of uncertainty of the final projection. A natural candidate is the variance of the historical projection errors by which we mean both the forecast errors and the errors made while forecasting the conditioning variables.
Once the historical variance is computed, the fan chart variance is updated with uncertainty introduced by the risk factors in the current projection round. The weight of the particular risk factor on the forecasted variable is easily obtainable from the forecasting model as an impulse response. The current spread of the exogenous variable's distribution is compared to its past average standard 14 deviation. The result is called the scaling factor and, if for example it is equal to 1.2 it means that the current standard deviation is by 20% bigger than the historical average. Hence, the risk factor will be responsible for widening the final fan chart proportionally to its impulse response for each projection period. In other words, the scaling factors serve as multipliers for the current exogenous uncertainty measure for each conditioning variable. The process behind variance estimation is explained in detail in the Appendix D. 8 
Prediction asymmetry
The conditioning variables carry over asymmetry into the final spread of the fan chart. 9 This asymmetry is reflected in the asymmetry of the forecasted variables only to the degree the endogenous variable responds to the shocks in the conditioning variable. Hence, usually the balance of risk is not conveyed in a satisfactory manner into the final fan chart. Also, a pure measure of asymmetry of a conditioning variable's distribution does not carry a satisfactory narrative of its future possible developments and the resulting overall outlook. This is why a set of alternative scenarios is run during every projection round. Those scenarios are Hence, if the experts believe there is a high probability of less optimistic developments abroad, the expected value of the distributions is likely to be lower than the central path, and the probability of realisation of the projected variable, e.g. inflation, below the central path will be higher than 50%.
It is easy to see that, apart from very rare cases when the exogenous uncertainty is symmetric and the alternative scenarios cancel each other out, the most likely scenario for the endogenous variable does not coincide with the expected value. However, once the mode and the expected value for the final TPN distribution are known it is possible to obtain the variances for both sides of the TPN distribution as was shown in the appendix B. 9 A good example of such asymmetric uncertainty is the euro short term interest rate in the November 2014 projection round when the ECB's interest rates were already so low that the further easing of monetary policy meant negative interest rates. Hence, the standard deviation of the forecast was much bigger to the north of the point forecast.
Probability intervals
In order to derive graphical representation of uncertainty, i.e. fan chart, one needs to supply confidence intervals of specified coverage, that is intervals in which future values of macroeconomic variable will lie with a given amount of probability. Generally, there are a number of ways to derive probability intervals with specified coverage (there are in fact infinite numbers of them), for example in the case of standard normal distribution both intervals and
give 90% of probability. One standard and common way to overcome this problem is to provide quantile-based probability intervals which are centered around the median and have equal-sized tails. 10 In other words, the central interval is defined by the and quantiles, hence e.g. 90% of central interval of distribution is formed by the 5 th and the 95 th percentile. In the case of a symmetrical distribution, e.g. the normal distribution, it is centered at both the mode, the mean and the median, since as mentioned earlier, these measures coincide. The situation changes 10 In other words interval such that and .
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significantly in the case of a highly skewed (asymmetric) distribution, where the central bands are not be symmetric anymore. In some extreme cases it is possible to show the mode of the distribution lying outside some central bands, which could be highly misleading. Figure 3 illustrates TPN distribution skewed to the left with 30%, 60% and 90% probability intervals.
The problem can be resolved by using the so called "highest probability density" (HPD) intervals, (Casella and Berger, 2002) . 11 The HPD intervals are centered around the mode, hence the most likely value of the forecast in the case of the fan chart, by construction, always lies within a specified interval. The value of the density function for every point inside HPD interval is greater than that of any point outside the interval. The HPD intervals are especially useful when a random variable has a unimodal distribution, like the TPN distribution. 12 In such case, HPD interval is shorter than any other probability interval with the same coverage. Since, the HPD interval does not necessarily produce the equal-tails outside interval, it is particularly useful in displaying asymmetric uncertainty of a forecast. The derivation of HPD intervals for the two-piece normal distribution, which has unimodal and continuous probability density function, is relatively easy and facilitates computational burden considerably, see Appendix B. 13 11 Some authors use term highest density interval (HDI) or, in case of multivariate distributions, highest probability region (HDR). 12 In case of multimodal distribution HPD interval can be sum of disjoint intervals. 13 Julio (2006), gives a detailed explanation of this method.
Yearly data
Sometimes it is useful to report estimated uncertainty of a forecast in annual terms. Then, the fan chart will consist of a series of distributions for each year instead of a quarter. However, the fan chart by its construction, as presented above, does not reflect the dependencies between different time periods (quarters), which will also be true for uncertainty for annual values constructed in a similar way.
Therefore, for yearly data the following procedure is derived. Firstly, for each quarter we have the TPN distribution, although the joint distribution for all quarters is not specified. Secondly, using errors from past forecasting rounds, their correlation matrix is computed. Finally, using the above-mention distributions for each quarter and correlation matrix we simulate quarterly growth rates in a manner similar to that described by Lurie et. al. (1998).
Once we obtain a sample of correlated quarterly dynamics, which are 
The fan chart procedure
As mentioned before, the TPN distribution is fully specified by a triple , so all we need is to determine these parameters for every period of the projection i.e. for each quarter/year to be considered. The main steps of the procedure are summarized and listed below.
Quarterly data
For each horizon , where is maximum allowed horizon, we obtain:
A. Mode 
E. Confidence bands
-Determination of the -th HDP intervals for given endogenous variable.
-Determination of the probability tables for given realizations of the forecasted variables.
Yearly data
For each horizon , where = 3 is the maximum allowed horizon we:
-compute correlation matrix of past forecasting errors,
-simulate the quarterly growth rates,
-convert quarterly dynamics to respective yearly counterparts (mean transformation),
-calculate HPD confidence bounds.
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An illustration
For the sake of illustration of the fan chart procedure we present a detailed example. 16 Although fan charts are generated for many variables, e.g. GDP components for the need of short-term projections, here we will limit the vector of endogenous variables to two of those:
The vector of the conditioning variables for the need of the fan charts is restricted to the variables whose impact on the forecasted variables, due to the structure of the model, is significantly different from zero. Hence, the vector of the exogenous variables takes the form:
The direct and indirect impact of the exogenous variables on GDP and inflation is known as matrix of impulse response functions updated every year after reestimation of the NECMOD model. This ensures a precise and updated measure of impact of the uncertainty associated with an exogenous variable on the forecasted variable's uncertainty. Table 2 shows the matrix of the impulse responses of the Consumer Price Index to shocks in conditioning variables. 16 For the sake of this illustration we have crafted some new parameters and run a projection exercise similar to that from the November 2014 projection round. Therefore, the example is internally consistent, however, does not report the true November 2014 projection.
The uncertainty associated with exogenous variables in the current projection round is judged based on comparison to the historical contribution of the exogenous variables uncertainty to the variance of the fan chart. Hence, the next step of the fan chart procedure is the computation of historical errors of the exogenous predictions. Then, mean squared errors (MSE), the unbiased estimates of the variance of the forecast errors, for each quarter and each variable are computed.
Since the number of observations for particular quarters of the projection differs, the errors are smoothed. At the same time, a covariance matrix of the historical errors of exogenous variables is estimated.
Table 2: An example of impulse responses of the CPI to shocks in the exogenous variables. (Matrix C)
The resulting smoothed MSE constitute a matrix of standard deviations for the exogenous variables. Table 3 shows an example the MSE matrix. The uncertainty associated with exogenous variables in the current projection round is judged based on comparison to the historical contribution of the exogenous variables uncertainty to the variance of the fan chart. Hence, the next step of the fan chart procedure is the computation of historical errors of the exogenous predictions. Then, mean squared errors (MSE), the unbiased estimates of the variance of the forecast errors, for each quarter and each variable are computed.
Since the number of observations for particular quarters of the projection differs, the errors are smoothed. At the same time, a covariance matrix of the historical errors of exogenous variables is estimated. The resulting smoothed MSE constitute a matrix of standard deviations for the exogenous variables. Table 3 shows an example the MSE matrix. The uncertainty associated with exogenous variables in the current projection round is judged based on comparison to the historical contribution of the exogenous variables uncertainty to the variance of the fan chart. Hence, the next step of the fan chart procedure is the computation of historical errors of the exogenous predictions. Then, mean squared errors (MSE), the unbiased estimates of the variance of the forecast errors, for each quarter and each variable are computed.
Since the number of observations for particular quarters of the projection differs, the errors are smoothed. At the same time, a covariance matrix of the historical errors of exogenous variables is estimated. The resulting smoothed MSE constitute a matrix of standard deviations for the exogenous variables. Table 3 shows an example the MSE matrix. 
Scaling Factors
All the exogenous variables' projections come with 95% confidence intervals which will be incorporated into final variance of the fan chart. In most of the cases the intervals are asymmetric, resembling an unbalanced risk associated with the variable. Hence, the uncertainty is fitted into a TPN distribution. At the same time, normalized current uncertainty (standard deviation) associated with every exogenous variable is compared to the weighted average of the previous forecasts'
spreads. This way a vector of Scaling Factors (SF) is estimated for each exogenous
variable. An example of the resulting matrix is displayed in Table 3 . 
Ex-post forecasting errors of the endogenous variables
The history of the forecasting rounds provides information about the ex-post errors of the projection. The root means square error is computed for every projection horizon and smoothed since the number of observed errors differs for different forecasting periods. Table 5 shows an example of the matrix of the RMSE for both endogenous variables. variable. An example of the resulting matrix is displayed in Table 3 . 
The history of the forecasting rounds provides information about the ex-post errors of the projection. The root means square error is computed for every projection horizon and smoothed since the number of observed errors differs for different forecasting periods. Table 5 shows an example of the matrix of the RMSE for both endogenous variables. 
Ex-post forecasting error
The history of the foreca errors of the projection. The projection horizon and smoot different forecasting periods.
for both endogenous variables variable. An example of the resulting matrix is displayed in Table 3 . 
Ex-post forecasting errors of the endogenous variables
Corrected exogenous errors
The uncertainty associated with the conditioning variables is responsible for changes in the spread of the final distribution. The resulting impact on the endogenous variables forecast is obtained by multiplying the covariance matrix of the exogenous variables by the corresponding matrices of impulse responses, Table   6 . However, as easily seen from the scaling factors matrix, the expected uncertainty in the surrounding environment is deemed to be smaller on average than its historical levels (with the exception of the gas and oil prices). Hence, the resulting corrected exogenous errors take the form displayed in Table 7 . 
Pure forecasting error
The pure forecasting errors -the errors the forecasters would make with the assumption that the conditioning variables are predicted perfectly, are estimated as a difference between the forecasted errors and the estimated measure of exogenous uncertainty, Table 9 . 17 Figure 4 illustrates the spread of the scenarios' paths and the resulting expected value of the forecast. 17 In principle, it is possible that the distance would be zero. For instance, when the pessimistic scenario and the optimistic scenarios weighted by their probabilities cancel each other out. Then, the TPN distribution will become Normal distribution and the fan chart will display an even distribution of risk. Once all the elements of the forecast are estimated, the parameters of two-piece normal distribution can be computed. With the parameters of the TPN distribution and the probability intervals associated with the forecast in place, the balance of risk can be quantified, Table 10 . The HPD intervals for the need of the fan chart are computed in Table 11 and displayed in Figure 5 in the form of the final CPI forecast. 
Fan chart decomposition
The decomposition of the fan chart is yet another important exercise conducted during each projection round. Since the methodology allows for an introduction of the uncertainty brought in by every conditioning variable, and the impact of these conditioning variables is tracked through the impulse response functions, it is possible to quantify the impact of the uncertainty of each of the exogenous variables on the variance of the final fan chart. This way we obtain a picture of the sources of changes in uncertainty of the forecast between projection rounds which allows for a consistent narrative of the risk surrounding the projection of the Polish economy. Table 13 represents the decomposition of the impact of exogenous uncertainty on the variance of the final CPI fan chart, and Figure 6 illustrates this impact. 
The decomposition of the fan chart is yet another important exercise conducted during each projection round. Since the methodology allows for an introduction of the uncertainty brought in by every conditioning variable, and the impact of these conditioning variables is tracked through the impulse response functions, it is possible to quantify the impact of the uncertainty of each of the exogenous variables on the variance of the final fan chart. This way we obtain a picture of the sources of changes in uncertainty of the forecast between projection rounds which allows for a consistent narrative of the risk surrounding the projection of the Polish economy. Table 13 represents the decomposition of the impact of exogenous uncertainty on the variance of the final CPI fan chart, and Figure 6 illustrates this impact. Since the 3 rd moment of the TPN distribution is not easy to use, a different, proportional measure of skeweness is adopted: ,
so that when the distribution is biased to the right and when the distribution is biased to the left.
The cumulative distribution function (cdf) for a TPN random variable is given by:
,
and the -th percentile 19 can be obtained from:
.
19 For , the -th percentile of the distribution is a constant l such that .
Appendix C. Highest probability density regions
Formally a region is a highest probability density region if it satisfies two following constraints: 20
1)
2) )
For the one-dimensional, unimodal probability density function , HPD region corresponds to the shortest interval such that . It could be easily shown, that if the interval satisfies:
i.
ii.
iii. , where is the unique mode of then it is the shortest interval satisfying (i).
For the TPN distribution specified by triple , it is possible to determine the HPD region of size as:
where is the inverse of cdf of standard normal distribution. , 
where is the scaling factor to the historical standard deviation of , hence covariance matrix of the adjusted exogenous error becomes: .
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